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Ïîñòàíîâêà çàäà÷è

Ïóñòü ðåøàåòñÿ îáðàòíàÿ çàäà÷à îöåíèâàíèÿ �ñèãíàëà� f ∈ Rn (n-ìåðíûé âåêòîð

åâêëèäîâà ïðîñòðàíñòâà Rn) ïî �èçìåðåíèÿì� ξ ∈ Rm (m-ìåðíûé âåêòîð åâêëèäîâà

ïðîñòðàíñòâà Rm) êîòîðûå ñâÿçàíû ñëåäóþùèì ñîîòíîøåíèåì: ξ = Af + ν, ãäå A
ëèíåéíûé îïåðàòîð Rn → Rm, à ν ñëó÷àéíûé øóì ñî çíà÷åíèÿìè â Rm. Ñîãëàñíî ìåòîäó

íàèìåíüøèõ êâàäðàòîâ îöåíêó ñèãíàëà f ìîæíî âûðàçèòü ñëåäóþùèì îáðàçîì:

arg min
g
‖Ag − ξ‖2 = A−ξ, (1)

ãäå A− ìàòðèöà ïñåâäîîáðàòíàÿ ê A.
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Íåêîððåêòíîñòü

Èçâåñòíî, ÷òî (1) íåêîððåêòíî ïîñòàâëåííàÿ çàäà÷à, åñëè îïåðàòîð A èìååò �ìàëûå� èëè

ðàâíûå íóëþ ñèíãóëÿðíûå ÷èñëà è èçâåñòåí ïðèáëèçèòåëüíî, ò.å. äàí îïåðàòîð A′ ≈ A
âìåñòî A, òîãäà îöåíêà A′−ξ ìîæåò ñèëüíî îòëè÷àòüñÿ îò èñêîìîé A−ξ. Â íåêîòîðûõ

ñëó÷àÿõ ýòà ðàçíèöà ìîæåò áûòü äîâîëüíî âûñîêîé, äàæå åñëè A′ î÷åíü áëèçêà ê A:

‖A′−ξ −A−ξ‖ −−−−→
A′→A

∞.

ßäðî A− ìîæåò áûòü îïðåäåëåíî â ïðîñòðàíñòâå Ôóðüå-îáðàçîâ êàê

FA−(ω) =

{
1/FA(ω), FA(ω) 6= 0,

0, èíà÷å.

Ïî òåîðåìå î ñâ¼ðòêå F (g ? h)(ω) = Fg(ω) Fh(ω) äëÿ ëþáûõ ôóíêöèé g è h.
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Ôóðüå ïðåîáðàçîâàíèå

Ñ ó÷¼òîì ýòîãî èìååì:

f̂ = F−1FÂ−Fξ,

F Â−(ω) =

{
1/FÂ(ω), F Â(ω) 6= 0,

0, èíà÷å.
(2)

ãäå F−1 îçíà÷àåò îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå. Äîïîëíèì ýòî óñëîâèåì áëèçîñòè

Â ≈ A′ â âèäå
FA′(ω)− ε′ ≤ FÂ(ω) ≤ FA′(ω) + ε′, ∀ω,
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Ðàçáèåíèå ÷àñòîòíîé îáëàñòè

Âûáðàâ íåêèé ïîðîã ε > 0, ìû ìîæåì ðàçäåëèòü âñþ ÷àñòîòíóþ îáëàñòü íà äâå ÷àñòè:

Ω1 , {ω : |FA(ω)| ≥ ε}, Ω2 , {ω : |FA(ω)| < ε}.

Åñëè ν - ïîãðåøíîñòü ïðåîáðàçîâàíèÿ Ôóðüå, òî ïðè âîññòàíîâëåíèè ñèãíàëà ìû èìååì

ñëåäóþùåå
Fξ(ω)

FA(ω)
=
FA(ω)Ff(ω) + ν

FA(ω)
= Ff(ω) +

ν

FA(ω)
.

Ñîîòâåòñòâåííî, åñëè |ν| � ε, òî â îáëàñòè Ω1 ïîãðåøíîñòü âîññòàíîâëåíèÿ ïðåíåáðåæèìî

ìàëà: |ν|/|FA(ω)| ≤ |ν|/ε ≈ 0. À âîò â îáëàñòè Ω2 ïîãðåøíîñòü îêàçûâàåò çíà÷èòåëüíîå

âëèÿíèå íà ðåçóëüòàò âîññòàíîâëåíèÿ, ÷òî ìû è íàáëþäàåì.
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Ðàçáèåíèå îöåíêè ñèãíàëà

Áóäåì èñêàòü îöåíêó f̂ ñèãíàëà f â âèäå ñóììû îðòîãîíàëüíûõ ñèãíàëîâ

f̂ = f̂1 + f̂2,

ãäå F f̂1(ω) = 0 ïðè ω ∈ Ω2, F f̂2(ω) = 0 ïðè ω ∈ Ω1. Îðòîãîíàëüíîñòü òóò î÷åâèäíà:

(f̂1, f̂2) =

∫
X

f̂1(x)f̂2(x)dx =

∫
Ω

F f̂1(ω)F f̂2(ω)dω = 0.

Îöåíêó f̂1 ïîñòðîèì ïðîñòî êàê

F f̂1(ω) = Fξ(ω)/FA(ω), ω ∈ Ω1.
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Ó÷åò ¾ìÿãêèõ¿ íåðàâåíñòâ

Â îáëàñòè Ω2 ìû âîññòàíîâèòü ñèãíàë íà îñíîâå ξ íå ñìîæåì èç-çà ïîãðåøíîñòè, ïîýòîìó

áóäåì ñ÷èòàòü âåëè÷èíû F f̂2(ω) ïðîèçâîëüíûìè ïðè ω ∈ Ω2 è áóäåì èõ ïîäáèðàòü òàê,

÷òîáû íàèëó÷øèì îáðàçîì óäîâëåòâîðèòü "ìÿãêèå"íåðàâåíñòâà.

f̂2 =
∑
ω∈Ω2

cReω F−1δReω +
∑
ω∈Ω2

cImω F−1δImω

Ó÷òåì òàêæå ñóáúåêòèâíóþ èíôîðìàöèþ ýêñïåðòà î âèäå ñèãíàëà, íàïðèìåð î åãî

ìîíîòîííîñòè:

f̂ i+1 & f̂ i
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Ó÷åò ¾ìÿãêèõ¿ íåðàâåíñòâ

Äàííàÿ çàäà÷à ñâîäèòñÿ ê çàäà÷å ëèíåéíîãî ïðîãðàììèðîâàíèÿ. Â èòîãå ïîëó÷àåì:z ∼ max
β1, ..., βn, z

,

f̂ i+1 − f̂ i ≥ z,

ãäå ñ ó÷åòîì íàøèõ äîïóùåíèé:

f̂ i+1 − f̂ i = f̂ i+1
1 − f̂ i1 + f̂ i+1

2 − f̂ i2 = (F−1(F (ω)/Fa(ω)))i+1

− (F−1(F (ω)/Fa(ω)))i +

( ∑
ω∈Ω2

cReω F−1δReω +
∑
ω∈Ω2

cImω F−1δImω

)i+1

−
( ∑
ω∈Ω2

cReω F−1δReω +
∑
ω∈Ω2

cImω F−1δImω

)i
(3)
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Ìíåíèå ýêñïåðòà ñîîòâåòñòâóåò äåéñòâèòåëüíîñòè
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Ìíåíèå ýêñïåðòà íå ñîîòâåòñòâóåò äåéñòâèòåëüíîñòè
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Çàêëþ÷åíèå

Èç ïîêàçàííûõ ðåçóëüòàòîâ âèäíî, òî ÷òî ìîäåëü, ó÷èòûâàþùàÿ äîïîëíèòåëüíóþ

àïðèîðíóþ èíôîðìàöèþ, ìîæåò äàâàòü ëó÷øèé ðåçóëüòàò. Äàëåå ïëàíèðóåòñÿ ðåàëèçîâàòü

ìåòîä, óëó÷øàþùèé ðåøåíèå çàäà÷è ËÏ äëÿ ñëó÷àÿ, êîãäà ýêñïåðò îøèáàåòñÿ.

Ðàññìîòðåòü óñëîâèÿ íåëèíåéíûõ íå÷åòêèõ íåðàâåíñòâ, â ðàìêàõ òåîðèè ¾ìÿãêèõ¿

íåðàâåíñòâ.
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Ñïàñèáî çà âíèìàíèå!
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